Concerning the problem of classifying complete submanifolds of Euclidean space with codimension two admitting genuine isometric deformations, we believe that the only known examples with the maximal possible rank four are the real Kaehler minimal submanifolds classified in parametric form by . They behave like minimal surfaces, namely, if simple connected they are either holomorphic or they admit a nontrivial one-parameter family of isometric deformations. Here we characterize a new class of complete genuinely deformable Euclidean submanifolds of rank four but now the structure of their second fundamental and the way it gets modified while deforming is quite more involved than in the Kaehler case. In particular, we see this as a strong indication that the classification problem is quite challenging. Being minimal, these submanifolds we introduced are also interesting by themselves.
Some of the most basic problems in the local or global theory of isometric immersions of Riemannian manifolds into Euclidean space remain in good part open. For instance, outside some special cases it is not known which is the lowest codimension for which a given Riemannian manifold admits an isometric immersion. On one hand, there are several results that assure that a submanifold must be unique, that is, isometrically rigid, when lying in its lowest possible codimension. On the other hand, there are only a few results classifying isometrically deformable submanifolds and their deformations. This is due to the fact that rigidity is a "generic" property while being deformable is certainly not, and hence a situation harder to deal with.
The exception for the deformation problem is the case of hypersurfaces. In fact, in the local case the problem was mostly solved by Sbrana [17] and Cartan [1] about a century ago; see [7] for details and a modern presentation. A solution to the problem for compact hypersurfaces was given by Sacksteder [16] and by Dajczer-Gromoll [10] in the complete case. Solving the deformation problem in codimension two is turning out to be very challenging even in the more restrictive complete case.
In dealing with the isometric deformation problem in higher codimension, it has to be taken into account that any submanifold of a deformable submanifold has the isometric deformations induced by the latter. In order to obtain classifications, it is natural to exclude this type of deformations and only study the remaining ones that were called genuine deformations in [5] . An isometric immersionf : M n → R n+p is a genuine deformation of a given isometric immersion f : M n → R n+p , p ≥ 2, if there is no open subset U ⊂ M n along which f | U andf | U extend isometrically. That f : M n → R n+p andf : M n → R n+p extend isometrically means that there is an isometric embedding j : M n ֒→ N n+q , 1 ≤ q < p, into a Riemannian manifold N n+q and there are isometric immersions F : N m → R n+q andF : N m → R n+q such that f = F • j andf =F • j, i.e., the following diagram commutes: The only general result for submanifolds that admit genuine deformations known at this time is the local result due to Dajczer-Florit [5] . In low codimension, they showed that genuine deformations are only possible for certain class of ruled submanifolds and gave a lower bound for the dimension of the rulings. In the special case of codimension two, in order to admit genuine deformations a submanifold without flat points must have rank ρ at most four at any point. Here ρ denotes the rank of the Gauss map, that is, ρ = n − ν where ν stands for the standard index of relative nullity, namely, the dimension of the kernel of the second fundamental form.
In this paper, we are interested in the global problem of genuine deformations of isometric immersions with codimension two. In fact, we deal with the noncompact case since for compact submanifolds the deformation problem was already solved by DajczerGromoll [12] . We point out that there exist several local results on genuine deformations in the special case of submanifold of rank ρ = 2 but these manifolds are never complete; see [5] , [8] and [14] . In particular, there are the minimal ones that were parametrically classified in [4] . They admit a one-parameter associated family of isometric deformations whose geometric nature was recently described in [13] .
At this time, there is only one classification result on deformations for complete noncompact submanifolds in Euclidean space with codimension two, namely, the one given in [11] of minimal (non holomorphic) isometric immersions of Kaehler manifolds. If simply connected such a submanifold admits a nontrivial one-parameter associated family of isometric deformations; see [9] . These submanifolds are ruled (i.e., foliated by complete Euclidean spaces) with rulings of codimension two and have rank ρ = 4 almost everywhere. As in the case of minimal surfaces, the associated family is obtained by composing its second fundamental form with an orthogonal parallel tensor in the tangent bundle given in terms of the complex structure of the manifold. The tensor amounts to a rotation of constant angle while keeping the connection in the normal bundle unchanged. Basically, this is also the situation of the local case refereed to in the preceding paragraph.
In this paper, we parametrically construct and characterize a new class of complete minimal ruled submanifolds that also admit a one-parameter associated family of isometric deformations. As before, the rulings have codimension two and the rank is ρ = 4 almost everywhere. Moreover, the deformations are obtained while keeping unchanged the normal connections. But now, the second fundamental form of the deformed submanifold relates to the initial one in a much more complex form, in particular, no orthogonal tensor is involved. Another key difference to the Kaehler case is that the orthogonal distribution to the rulings admits a (necessarily unique) integral "leaf" that is totally geodesic in the manifold.
It is an interesting question if the above two families of complete ruled minimal submanifolds exhaust all examples in the same class that admit genuine deformations. For instance, they may be examples such that the integral leaf exists but it is not totally geodesic. Of course, a much more challenging classification problem of complete submanifolds of rank four would be to drop one of the conditions, for instance being minimal or ruled. In the Kaehler case, it follows from [11] that there are a lot more examples without complete rulings. We have strong reasons to believe that this is also the situation in our case.
Finally, we observe that some arguments in this paper involve some unexpected long but straightforward computations that are only sketched.
The 1-isotropic surfaces
In this section, we discuss some aspects of the 1-isotropic surfaces in Euclidean space that are our basic tool for the construction of the minimal submanifolds that are the object of this paper. 
is the symmetric tensor called the s th -fundamental form defined inductively by
Here ∇ ⊥ is the induced connection in the normal bundle and ( ) ⊥ means taking the projection onto the normal complement of
is minimal and substantial. Being substantial means that the codimension cannot be reduced. In fact, not even locally since minimal surfaces are real analytic. In this case, on an open dense subset of L 2 the normal bundle of g splits as
, since all higher normal bundles have rank two except possible the last one that has rank one if n is odd; see [2] , [4] or [18] for details. Moreover, the orientation of L 2 induces an orientation on each plane vector bundle N g s given by the ordered pair ξ
where 0 = X ∈ T L and J is the complex structure of L 2 determined by the metric and orientation.
If g is simply connected, the generalized Weierstrass parametrization implies that there exists a one-parameter associated family of minimal immersions; see [15] . An alternative way to see this goes as follows: for each constant θ ∈ S 1 = [0, π) consider the orthogonal parallel tensor field
where I is the identity map. Then, the symmetric section α g (J θ ·, ·) of the bundle Hom(T L × T L, N g L) satisfies the Gauss, Codazzi and Ricci equations with respect to the normal connection of g; see [9] . Therefore, there exists an isometric minimal immersion g θ : L 2 → R n+2 whose second fundamental form is
the parallel vector bundle isometry that identifies the normal bundles. Explicitly, the immersion is given by the line integral
In particular, we have that g θ * = g * • J θ . Thus φ θ is nothing else than parallel identification in R n+2 that identifies all normal subbundles N g j with N g θ j , j ≥ 1, and will be dropped from now on. It turns out that the associated family is trivial (i.e., each g θ is congruent to g) if and only if g is a holomorphic curve with respect to some complex structure of the ambient space; cf. [4] . Now assume that g : L 2 → R n+2 , n ≥ 2, is substantial and 1-isotropic. The latter means that the surface is minimal and that the ellipse of curvature at all points is a circle. Recall that the ellipse of curvature
where X ∈ T p L has unit length.
The argument for the following result is basically due to Chern [3] . Proof: The complexified tangent bundle T L ⊗ C decomposes into the eigenspaces of the complex structure J corresponding to the eigenvalues i and −i denoted by T ′ L and T ′′ L, respectively. The second fundamental form can be complex linearly extended to T L ⊗ C with values in the complexified vector bundle N g L ⊗ C and then decomposed into its (p, q)-components, p + q = 2, which are tensor products of p many 1-forms vanishing on T ′′ L and q many 1-forms vanishing on T ′ L. Since the surface is minimal the (1, 1)-part of α g vanishes, i.e., α g (∂ z ,∂ z ) = 0 where z is a complex coordinate. We thus have the splitting
The Codazzi equation implies that
the summands are perpendicular with respect to the hermitian inner product. Hence, the zeros of α g are precisely the zeros of α (2, 0) . Since α (2,0) is holomorphic, we conclude that its zeros are isolated, and hence L 2 L 0 consists of isolated points.
it is not identically zero and p 0 is a zero of it, around p 0 we may write
for a positive integer m, where α * (2,0) is a tensor field of type (2, 0) with
By definition, the (1,1)-part of α * vanishes, hence it maps the unit tangent circle at each tangent plane into an ellipse which, in fact, is a circle of positive radius since
and this concludes the proof.
To conclude this section, we show how to construct any 1-isotropic simply connected surface in parametric form. This procedure can easily be used to construct complete examples as was done in a quite similar situation in [11] .
On a simply connected domain U ⊂ C, a minimal surface g : U → R N has the generalized Weierstrass representation
where the Gauss map γ : U → C N of g has an expression
being β holomorphic and φ : U → C N −2 meromorphic; see [15] for details. From Gauss map γ = α 1 , i.e., g = Re α 2 , is 1-isotropic.
The results
In this section, we state the results of this paper whose proofs will be given in the following one.
Let g : L 2 → R n+2 , n ≥ 3, be a substantial 1-isotropic surface and let π :
denote the vector bundle of rank n − 2 whose fibers are the orthogonal complement in the normal bundle of g of the extended first normal bundle N g 1 of g. Associated to g we consider the immersion F g : Λ g → R n+2 given by
and denote by M n the manifold Λ g when it is endowed with the metric induced by F g . By construction F g : M n → R n+2 is an (n − 2)-ruled submanifold with complete rulings, that is, there is an integrable tangent distribution of dimension n − 2 whose leaves are mapped diffeomorphically by F onto complete affine subspaces of the ambient space.
In the sequel, we denote by H the tangent distribution orthogonal to the rulings. An embedded surface j : (2) .
The vertical bundle V of the submersion π given by V = ker π * can be orthogonally decompose as
where V 1 denotes the plane bundle determined by N g 2 . In the sequel, we consider the orthogonal decomposition of the tangent bundle of M n given by T M = H ⊕ V where we identify isometrically (and use the same notation) the subbundle V tangent to the rulings with the corresponding normal subbundle to g. Then, it follows from the proof that the relative nullity leaves of F are identified with the fibers of V 0 .
Let L θ denote the endomorphism of T M such that L θ | H : H → H is the reflection given by (19) and L θ | V = 0. Moreover, let J denote the endomorphism such that J | H : H → H is the almost complex structure in H determined by the orientation and restricted to V is the identity.
, n ≥ 4, be a simply connected 1-isotropic substantial surface. Then F g allows an associated one-parameter family F θ : M n → R n+2 , θ ∈ [0, π), of minimal genuine isometric deformations such that F 0 = F g and each F θ carries the same ruling and relative nullity leaves as F g .
Moreover, there is a parallel vector bundle isometry Ψ θ : N Fg M → N F θ M and an orthogonal frame {ξ, η} of N Fg M with ξ = η such that the relation between the second fundamental forms of F θ and F g are given by
where R θ denotes the rotation of angle θ on the normal bundle of F g that preserves orientation and κ is the radius of the ellipse of curvature of g.
Remark 4.
Quite similar arguments give that the above two results hold for dimension n = 3 and rank ρ = 3.
If g is holomorphic with respect to some parallel complex structure in R n+2 , then taking a rotation of angle ϕ that preserves orientation in each N g s , s ≥ 2, induces an intrinsic isometry S ϕ on M n .
Notice that in the above result the triviality of the associated family is not the usual one since congruence is considered up to an intrinsic isometry.
The proofs
Let g : L 2 → R n+2 , n ≥ 4, be a substantial oriented minimal surface. We choose local orthonormal frames {e 1 , e 2 } in T L and {e 3 , e 4 } in N g 1 such that
α(e 1 , e 1 ) = κe 3 and α(e 1 , e 2 ) = µe 4 where κ, µ are the semi-axes of the ellipse of curvature. We also take a local orthonormal normal frame {e 5 , . . . , e n+2 } such that {e 2r+1 , e 2r+2 } is a positively oriented frame field spanning N g r for every even r. When n = 2m + 1 is odd, then e 2m+1 spans the last normal bundle. We refer to {e 1 , . . . , e n+2 } as an adapted frame of g and consider the forms ω ij = ∇ e i , e j for 1 ≤ i, j ≤ n + 2. 
where λ = µ/κ, * denotes the Hodge operator, i.e., * ω(e) = −ω(Je), and J is the complex structure of L 2 induced by the orientation. We denote by Clearly F = F g is an immersion and the horizontal bundle H is the orthogonal complement of V in the tangent bundle of M n , i.e.,
n , we define a normal vector field δ v in a neighborhood U of p by
v, e j (p) e j (q).
Let β i , 1 ≤ i ≤ 2, be the curves in M n satisfying β i (0) = (p, v) given by
where
be the functions
The vertical bundle V can be orthogonally decomposed as V = V 1 ⊕ V 0 where V 1 denotes the plane bundle determined by N g 2 . Let {E 3 , E 4 } and {E 5 , . . . , E n } be the local orthonormal frames of V 1 and V 0 , respectively, such that F * E j = e j+2 , 3 ≤ j ≤ n.
Lemma 6. The vectors X 1 , X 2 ∈ T (p,v) M defined as
satisfy that X 1 , X 2 ∈ H(p, v) and
Moreover, the normal space N F M(q, w) is spanned by
In particular, if g is 1-isotropic we have
Proof: We obtain from
On the other hand,
and
Hence, we obtain that
The remaining of the proof is immediate.
Lemma 7.
The following equations hold:
where σ = 1/λ and
or equivalently, that
From this we obtain (8) . Similarly, we have
from which we obtain (9) . Making use of Lemma 6 and the Gauss and Weingarten formulas for g we may compute equations (10) to (13) . We only argue for (10) since the proof of the other equations is completely similar. We have from (7) and (8) that
In view of (6) and since
we obtain
and the desired formula for ξ * X 1 follows by direct computations.
Lemma 8. If g is a 1-isotropic surface, then the shape operators of F g with respect to the orthonormal tangent frame
vanish along V 0 and restricted to H ⊕ V 1 are given by
where r i = −a i /Θ, s i = −b i /Θ, i = 1, 2, and
Proof: Since g is 1-isotropic, equations (10) to (13) hold for
On the other hand, a straightforward computation shows that the Ricci equations R ⊥ (e 1 , e 2 )e α , e β = 0 for α = 3, 4 and β = 5, 6 are equivalent to We thus have that
and the result follows by a straightforward computation.
Proof of Theorem 2:
We first prove the converse. Let F : M n → R n+2 , n ≥ 3, be an (n − 2)-ruled minimal immersion with rank ρ = 4 on an open dense subset. Then the tangent bundle splits as T M = H ⊕ V, where H is orthogonal to the rulings and V splits as V = V 1 ⊕ V 0 with the fibers of V 0 being the relative nullity leaves. The normal space of the surface g = F • j at any point x ∈ L 2 is given by
Let Λ g be the subbundle of the normal bundle of g whose fiber at
for any p ∈ M n , where x = π(p), since p and j(x) belong to the same leaf of V. Since F maps diffeomorphically the leaves of V onto complete affine subspaces, it follows that the map T : M n → Λ g given by
is a global diffeomorphism. Clearly the immersionF = F • T −1 satisfies
i.e.,F = F g is of the form (2). Identifying M n with Λ g via T , we have that F = F g and j is the zero section of Λ g .
It remains to show that g is 1-isotropic. Since j is totally geodesic, we have that
for all X, Y ∈ T L. This and our assumptions imply that g is minimal. The horizontal and the vertical bundles satisfy
Moreover, equation (15) 
. . , e n+2 } be an adapted frame of g. Setting
and using Lemma (6) and Lemma (7), we find that
, and 
Viewing (16) and (17) as polynomials were the coefficients of t ). Hence λ = 1 since otherwise, we have from the above that ω 35 = ω 36 = ω 45 = ω 46 = 0, which is a contradiction.
We now prove the direct statement. Observe that g = F g • j, where j is the zero section of M n . Clearly, we have that j is an integral surface of the distribution orthogonal to the rulings which is also totally geodesic and a global cross section to the rulings. Up to the uniqueness of the integral surface and completeness of M n the proof now follows from Lemma 8. In fact, it is very easy to see that the metric of M n is complete if the metric of L 2 is complete. Assume that there exists a second integral surfacej : L 2 → M n . Setg = F g •j and letT : M n → Λg be the diffeomorphism given bỹ T (p) = (π(p), F (p) −g(π(p)).
• T −1 (x, v) = (x, v + g(x) −g(x)).
Hence Λ g and Λg can be identified by parallel translation, thus there exists a section δ of Λ g such thatg = g + δ. It follows from
that ∇ ⊥ X δ ∈ N g 1 for any X ∈ T L. If δ is constant, then g lies in an affine subspace R n+1 of R n+2 perpendicular to δ which has been excluded. Thus, there is µ = ∇ ⊥ X 0 δ = 0 for
